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Presentation

Welcome to the 25th International Workshop on Cellular Automata (CA) and Discrete Complex Sys-
tems (DCS), AUTOMATA 2019, held on June 26th-28th, 2019, at the University Center of Exact
Sciences and Engineering (CUCEI, by its initials in Spanish), University of Guadalajara, México.
This conference is the official annual event of the International Federation for Information Processing
(IFIP), Working Group 5, on CA and DCS, of the Technical Committee 1, on Foundations of Computer
Science.

AUTOMATA 2019 is part of an annual series established in 1995 as a collaboration forum between
researchers in CA and DCS. Current topics of the conference include, but are not limited to, dynamical,
topological, ergodic and algebraic aspects of CA and DCS, algorithmic and complexity issues, emergent
properties, formal languages, symbolic dynamics, tilings, models of parallelism and distributed systems,
timing schemes, synchronous versus asynchronous models, phenomenological descriptions, scientific
modeling, and practical applications.

We are delighted to have you at Guadalajara. This is the fourth time AUTOMATA takes place in
a Latin American country, the last time having been in Santiago, Chile, in 2011. As a celebration of
its Silver Jubilee, we have a special session commemorating the date presented by Martin Kutrib. We
have three invited talks given by

– Pablo Arrighi, Aix-Marseille University and LIF de Marseille, France.
– Hector Zenil, SciLifeLab and Karolinska Institute, Sweden.
– Tullio Ceccherini-Silberstein, University of Sannio, Italy.

We sincerely thank them for accepting the invitation.
We received ten submissions as full papers to the conference. Each submission was reviewed by

three members of the Program Committee. Based on these reviews and an open discussion, seven
papers were accepted to be presented at the conference and to be included in the Springer’s LNCS
proceedings. We thank all authors for their contributions and hard work that made this event possible.

The conference program also includes short presentations of exploratory papers, and we wish to
extend our thanks to the authors of the exploratory submissions. We include the complete exploratory
papers in this local proceedings.

We are indebted to the Steering Committee, Program Committee, and additional reviewers for
their valuable help during the last months. We acknowledge the generous funding provided by the
IFIP and the University of Guadalajara towards the organization of this event.

We are very grateful for the support of the Local Organizing Committee and the authorities of
CUCEI; in particular, our sincere thanks to Dr. Humberto Gutiérrez Pulido, Director of the Basic
Sciences Division, and to Dr. Ruth Padilla Muñoz, Rector of CUCEI.
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Jan Baetens Ghent University, Belgium
Jarkko Kari University of Turku, Finland
Pedro de Oliveira Universidade Presbiteriana Mackenzie, Brazil
Turlough Neary University of Zurich and ETH Zurich, Switzerland

Program Committee
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Guillaume Theyssier CNRS and Aix Marseille Université, France
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Quantum cellular automata:
computability and universality

P. Arrighi

Aix-Marseille Univ., Université de Toulon, CNRS, LIS, Marseille, and IXXI, Lyon, France
pablo.arrighi@univ-amu.fr

This talk will provide an overview of the field of Quantum Cellular Automata (QCA). QCA consist
in an array of identical finite-dimensional quantum systems. The whole array evolves in discrete time
steps by iterating a linear operator G. Moreover this global evolution G is shift-invariant (it acts
everywhere in the same way), causal (information cannot be transmitted faster than some fixed number
of cells per time step), and unitary (the condition required by the postulate of evolutions in quantum
theory, akin to reversibility). I will motivate their studies through the distinction between finite-
dimensional quantum evolutions (unitary matrices, a.k.a quantum automata) and infinite-dimensional
quantum evolutions (unitary operators, a.k.a operators). It turns out that basic questions surrounding
computability and universality had only been solved for quantum automata, and not for quantum
operators. We addressed the question of their computability in [1], building upon a structural theorem
that actually decomposes the axiomatic version of QCA [17,9] into an infinitely repeating quantum
circuit of local gates [7,8], which we will recall. We also addressed the question of the universality of
quantum operators in a series of works [4,3,2] which we will summarize, and relate to the fascinating
question of how much particle physics can be recast in terms of QCA [10,18,13,6]. In all of these results,
quantum information flows on a fixed, classical background : a rigid grid. Could the background itself
be quantum? We will touch on this rather topical question [11,16,5].
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Algorithmic information dynamics reconstructs the space-time
and phase-space dynamics of cellular automata

Hector Zenil1,2,3, Narsis A. Kiani2,3, and Jesper Tegnér4,5

1 Oxford Immune Algorithmics, Oxford, UK
2 Algorithmic Dynamics Lab, Karolinska Institute, Karolinska University hospital, Stockholm, Sweden

hector.zenil@algorithmicnaturelab.org

https://www.hectorzenil.net/
3 Unit of Computational Medicine, Center for Molecular Medicine, Karolinska Institute, Stockholm, Sweden

{hector.zenil,narsis.kiani,jesper.tegner}@ki.se
http://www.compmed.se/

4 BESE Division, King Abdullah University of Science and Technology (KAUST), Kingdom of Saudi Arabia
5 Algorithmic Nature Group, LABORES for the Natural and Digital Sciences, Paris, France

https://algorithmicnature.org/

Current widely used tools for causal inference are mostly based on classical statistics, including
machine learning, and draw heavily upon statistical patterns in data, leading to inverse problems
that involve estimating parameters such as initial conditions and boundary conditions on the basis
of observed data. These inverse problems are often ill posed, not only because correlation does not
imply causation, but also more importantly, because causation does not imply correlation, on which
most of our current data-driven inference techniques are based. This means that in most, if not all
physical and biological instances, it is not only difficult to infer stable states from noisy and chaotic
data, but also that such inferences are impossible to make even in principle, when using traditional
statistically-based tools to find true generating mechanisms. Here we show how the new theory of
Algorithmic Information Dynamics [1,2] can help reconstruct dynamical systems in application to one
of the most studied discrete computational model, cellular automata. We will show how the theory of
algorithmic probability can find reconstructions of space-time evolutions and phase-space landscapes
of these representative discrete dynamical systems

At the core of Algorithmic Information Dynamics [1,2], the algorithmic causal calculus that we
introduced, is the quantification of the change of complexity of a system under natural or induced
perturbations, particularly the direction (sign) and magnitude of the difference of algorithmic infor-
mation approximations denoted by C between an object G, such a cellular automaton or a graph
and its mutated version G′, e.g. the flip of a cell bit (or a set of bits) or the removal of an edge e
from G (denoted by G\e = G′). The difference |C(G) − C(G\e)| is an estimation of the shared al-
gorithmic mutual information of G and G\e. If e does not contribute to the description of G, then
|C(G) − C(G\e)| ≤ log2 |G|, where |G| is the uncompressed size of G, i.e. the difference will be very
small and at most a function of the graph size, and thus C(G) and C(G\e) have almost the same
complexity. If, however, |C(G) − C(G\e)| ≤ log2 |G| bits, then G and G\e share at least n bits of
algorithmic information in element e, and the removal of e results in a loss of information. In con-
trast, if C(G) − C(G\e) > n, then e cannot be explained by G alone, nor is it algorithmically not
contained/derived from G, and it is therefore a fundamental part of the description of G, with e as a
generative causal mechanism in G, or else it is not part of G but has to be explained independently,
e.g. as noise. Whether it is noise or part of the generating mechanism of G depends on the relative
magnitude of n with respect to C(G) and to the original causal content of G itself. If G is random,
then the effect of e will be small in either case, but if G is richly causal and has a very small generating
program, then e as noise will have a greater impact on G than would removing e from an already short
description of G. However, if |C(G)−C(G\e)| ≤ log2 |G|, where |G| is e.g. the vertex count of a graph,
or the runtime of a cellular automaton, G, then e is contained in the algorithmic description of G and
can be recovered from G itself (e.g. by running the program from a previous step until it produces G
with e from G\e).

https://www.hectorzenil.net/
http://www.compmed.se/
https://algorithmicnature.org/
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We show how we can infer and reconstruct space-time evolutions by quantification of the disrup-
tiveness of a perturbation. We can then extract the generating mechanism from the ordered time
indices, from least to most disruptive and produce candidate generating models. Simpler rules have
simpler hypotheses, with an almost perfect correspondence in row order. Some systems may look more
disordered than others, but locally the relationship between single rows is mostly preserved (indicating
local reversibility).

We show that the later in time a perturbation is injected into a dynamical system the less it con-
tributes to the algorithmic information content of the overall space-time evolution. We then move from
discrete 2D systems to the reconstruction of phase spaces and space-time evolutions of N -dimensional,
continuous, chaotic, incomplete and even noisy dynamical systems.
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The Garden of Eden Theorem: from cellular automata to
algebraic dynamical systems

Tullio Ceccherini-Silberstein

Dipartimento di Ingegneria, Università del Sannio, 82100 Benevento, Italy
tullio.cs@sbai.uniroma1.it

The Garden of Eden theorem proved by Moore [5] and Myhill [6] in 1963 is a central result in the
Theory of Cellular Automata and Symbolic Dynamics. Let A be a finite set, called the alphabet, and let
G be a group, called the universe. The configuration space is AG := {x : G→ A} ≡

∏
g∈GA equipped

with the prodiscrete topology (the product topology, where each factor A is discrete) and the G-action
defined by [gx](h) = x(g−1h) for all g, h ∈ G and x ∈ AG, called the G-shift. A cellular automaton is
a map τ : AG → AG which is continuous and G-equivariant (that is, τ(gx) = gτ(x) for all g ∈ G and
x ∈ AG). Two configurations x, y ∈ AG are said to be almost equal if there exists a finite subset F ⊂ G
such that x(g) = y(g) for all g ∈ G \ F . Clearly, almost equality is an equivalence relation. One then
says that a map τ : AG → AG is pre-injective if its restriction to each almost equality class is injective.
We are now in position to state the Garden of Eden theorem of Moore and Myhill.

Theorem 1 (Garden of Eden theorem of Moore and Myhill (1963)). Let A be a finite set,
let G = Zd (the free Abelian group of rank d ≥ 1), and let τ : AG → AG be a cellular automaton. Then
τ is surjective if and only if it is pre-injective.

A group G is amenable if it admits a finitely additive left-invariant probability measure on the set
P(G) of all subsets of G, that is, a map µ : P(G)→ [0, 1] such that µ(A∪B) = µ(A)+µ(B)−µ(A∩B),
µ(gA) = µ(A) (here gA = {ga : a ∈ A} ⊂ G) for all A,B ⊂ G and g ∈ G, and µ(G) = 1. The class of
amenable group contains all finite groups, all Abelian groups, and more generally all solvable groups,
and all finitely generated groups of sub-exponential growth, and it is closed under the operations of
taking: subgroups, quotients, extensions, and direct limits. On the other hand, the free group F2 of
rank 2 (and therefore every group containing a non-Abelian free subgroup) is not amenable. In 1999
we proved the following:

Theorem 2 (Garden of Eden theorem for amenable groups [3], see also [1]). Let A be a finite
set, let G be an amenable group, and let τ : AG → AG be a cellular automaton. Then τ is surjective if
and only if it is pre-injective.

Gromov [4] suggested that the Garden of Eden theorem could be extended to dynamical systems
with a suitable hyperbolic flavor.

A dynamical system is a pair (X,G) where X is a compact metrizable space, called the phase space
and G is a countable group acting on X by homeomorphisms. A continuous map τ : X → X which is
G-equivariant (that is, commuting with the action of G) is called an endomorphism of the dynamical
system (X,G). One says that two points x, y ∈ X are homoclinic if for every ε > 0 there exists a finite
subset F ⊂ G such that d(gx, gy) < ε for all g ∈ G \ F . Homoclinicity is an equivalence relation: a
map τ : X → X which is injective on each homoclinicity class is called pre-injectice. One says that
(X,G) satisfies the Garden of Eden theorem if every endomorphism is surjective if and only if it is
pre-injective.

Example 1. Let A be a finite set and let G be a countable group. Then (AG, G), where G acts on the
configuration space AG by the G-shift. Moreover x, y ∈ AG are homoclinic if an only if they are almost
equal. As a consequence, the two notions of pre-injectivity coincide. Finally, the endomorphisms of
(AG, G) are precisely the cellular automata.
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Let now G be a countable group and denote by Z[G] the integral group ring of G, that is, the ring
consisting of all finite sums

∑
g∈G agg with ag ∈ Z. Let f ∈ Z[G] and denote by Mf := Z[G]/fZ[G] the

quotient of Z[G] by the principal ideal generated by f . Note that Mf is a Z[G]-module. Its Pontryagin

dual Xf := M̂f is a compact metrizable Abelian group which is also a Z[G]-module, and therefore,
in particular, bears an action of G. The dynamical system (Xf , G) is called the principal algebraic
dynamical system associated with the polynomial f ∈ Z[G] (see [7]). In 2018 we proved the following:

Theorem 3 (Garden of Eden theorem for Harmonic Models [2]). Let G be a countable Abelian
group not virtually Zd for d = 1, 2. Suppose that f =

∑
g fgg ∈ Z[G] satisfies the following conditions:

(i)
∑
g∈G fg = 0, (ii) fg ≤ 0 for all g ∈ G \ {1G}, (iii) fg = fg−1 for all g ∈ G (i.e., f is self-adjoint),

(iv) supp(f) := {g ∈ G : fg 6= 0}, the support of f , generates the group G, and (v) f is primitive, that
is, there is no integer m ≥ 2 dividing all coefficients of f . Then (Xf , G) satisfies the Garden of Eden
Theorem.
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On the effects of firing memory in the dynamics of conjunctive
networks

Eric Goles1, Pedro Montealegre1, and Mart́ın Ŕıos-Wilson2

1 Facultad de Ingenieŕıa y Ciencias, Universidad Adolfo Ibáñez, Santiago, Chile.
eric.chacc@uai.cl,p.montealegre@uai.cl

2 Departamento de Ingenieŕıa Matemática, Facultad de Ciencias F́ısicas y Matemáticas, Universidad de
Chile, Santiago, Chile. mrios@dim.uchile.cl

Abstract Boolean networks are one of the most studied discrete models in the context of the
study of gene expression. In order to define the dynamics associated to a Boolean network, there
are several update schemes that range from parallel or synchronous to asynchronous. However,
studying each possible dynamics defined by different update schemes might not be efficient.
In this context, considering some type of temporal delay in the dynamics of Boolean networks
emerges as an alternative approach. In this paper, we focus in studying the effect of a particular
type of delay called firing memory in the dynamics of Boolean networks. Particularly, we focus
in symmetric (non-directed) conjunctive networks and we show that there exist examples that
exhibit attractors of non-polynomial period. In addition, we study the prediction problem con-
sisting in determinate if some vertex will eventually change its state, given an initial condition.
We prove that this problem is PSPACE-complete.

Keywords: Boolean network · Firing memory · Conjunctive networks. · Prediction problem. ·
PSPACE.



Complexity-Theoretic Aspects of Expanding Cellular
Automata

Augusto Modanese

Institute of Theoretical Informatics (ITI), Karlsruhe Institute of Technology (KIT),
Am Fasanengarten 5, 76131 Karlsruhe, Germany

modanese@kit.edu

Abstract The expanding cellular automata (XCA) variant of cellular automata is investigated
and characterized from a complexity-theoretical standpoint. The respective polynomial-time
complexity class is shown to coincide with ≤p

tt(NP), that is, the class of decision problems
polynomial-time truth-table reducible to problems in NP. Corollaries on select XCA variants
are proven: XCAs with multiple accept and reject states are shown to be polynomial-time equiva-
lent to the original XCA model. Meanwhile, XCAs with diverse acceptance behavior are classified
in terms of ≤p

tt(NP) and the Turing machine polynomial-time class P.



Iterative Arrays with Finite Inter-Cell Communication

Martin Kutrib and Andreas Malcher

Institut für Informatik, Universität Giessen
Arndtstr. 2, 35392 Giessen, Germany

{kutrib,andreas.malcher}@informatik.uni-giessen.de

Abstract Iterative arrays whose internal inter-cell communication is quantitatively restricted
are investigated. The quantity of communication is measured by counting the number of uses of
the links between cells. In particular, iterative arrays are studied where the maximum number of
communications per cell occurring in accepting computations is drastically bounded by a constant
number. Additionally, the iterative arrays have to work in realtime. We study the computational
capacity of such devices. One main result is that a strict and dense hierarchy with respect to
the constant number of communications exists. Due to their very restricted communication, the
question arises whether the usually studied decidability problems such as, for example, emptiness,
finiteness, inclusion, or equivalence become decidable for such devices. However, by reduction of
Hilbert’s tenth problem it can be shown that all such decidability questions remain undecidable.



Bounding the minimal number of generators of groups and
monoids of cellular automata

Alonso Castillo-Ramirez and Miguel Sanchez-Alvarez

1 Department of Mathematics, University Center of Exact Sciences and Engineering, University of
Guadalajara

2 alonso.castillor@academicos.udg.mx (corresponding author)
3 miguel 201288@hotmail.com.

Abstract For a group G and a finite set A, denote by CA(G;A) the monoid of all cellular
automata over AG and by ICA(G;A) its group of units. We study the minimal cardinality of a
generating set, known as the rank, of ICA(G;A). In the first part, when G is a finite group, we
give upper bounds for the rank in terms of the number of conjugacy classes of subgroups of G.
The case when G is a finite cyclic group has been studied before, so here we focus on the cases
when G is a finite dihedral group or a finite Dedekind group. In the second part, we find a basic
lower bound for the rank of ICA(G;A) when G is a finite group, and we apply this to show that,
for any infinite abelian group H, the monoid CA(H;A) is not finitely generated. The same is
true for various kinds of infinite groups, so we ask if there exists an infinite group H such that
CA(H;A) is finitely generated.

Keywords: Monoid of cellular automata · Invertible cellular automata · Minimal number of
generators.



Enhancement of Automata with Jumping Modes

Szilard Zsolt Fazekas, Kaito Hoshi and Akihiro Yamamura

Department of Mathematical Science and Electrical-Electronic-Computer Engineering, Akita University
1-1 Tegata Gakuen-machi, Akita 010-8502, JAPAN

Abstract Recently, new types of non-sequential machine models have been introduced and
studied, such as jumping automata and one-way jumping automata. We study the abilities and
limitations of automata with these two jumping modes of tape heads with respect to how they
affect the class of accepted languages. We give several methods to determine whether a language
is accepted by a machine with jumping mode. We also consider relationships among the classes
of languages defined by the new machines and their classical counterparts.

Keywords: Jumping mode · Jumping finite automata · Pushdown Automata · Pumping lemma
· Context free language



Iterative Arrays with Self-Verifying Communication Cell

Martin Kutrib1 and Thomas Worsch2

1 Institut für Informatik, Universität Giessen
Arndtstr. 2, 35392 Giessen, Germany
kutrib@informatik.uni-giessen.de

2 Karlsruhe Institute of Technology
worsch@kit.edu

Abstract We study the computational capacity of self-verifying iterative arrays (SVIA). A self-
verifying device is a nondeterministic device whose nondeterminism is symmetric in the following
sense. Each computation path can give one of the answers yes, no, or do not know. For every
input word, at least one computation path must give either the answer yes or no, and the answers
given must not be contradictory. It turns out that, for any time-computable time complexity, the
family of languages accepted by SVIAs is a characterization of the so-called complementation
kernel of nondeterministic iterative array languages, that is, languages accepted by such devices
whose complementation is also accepted by such devices. SVIAs can be sped-up by any constant
multiplicative factor as long as the result does not fall below realtime. We show that even realtime
SVIA are as powerful as lineartime self-verifying cellular automata and vice versa. So they are
strictly more powerful than the deterministic devices. Closure properties and various decidability
problems are considered.



Generic properties in some classes of automaton groups

Thibault Godin

IECL, UMR 7502 CNRS & Université de Lorraine
IMAG, UMR 5149 CNRS & Université de Montpellier

thibault.godin@umontpellier.fr

Abstract We prove, for various important classes of Mealy automata, that almost all generated
groups have an element of infinite order. In certain cases, we also prove that some other properties,
such as exponential growth, are generic.
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The abelian sandpile model, non-parsimonious simulations
and unpredictability

J. Andrés Montoya1

Carolina Mej́ıa2

1 Universidad Nacional de Colombia
2 Universidad Distrital Francisco José de Caldas, Colombia

jamontoyaa@unal.edu.co

Abstract We investigate the problem of recognizing the recurrent configurations of the two-
dimensional abelian sandpile model (ASM, for short). We denote this problem with the symbol
Rec. It is known that Rec can be solved in linear time by parsimoniously simulating the dynam-
ics of ASM. We ask the following question: is it possible to solve problem Rec faster than by
parsimonious simulation? We conjecture that the answer to this question is negative. We claim
that there are only two algorithmic strategies that are used to achive sublinear time, they are:
parallelization and property testing. Thus, we focus on ruling out the existence of sublinear time
algorithms for Rec that can be constructed using one of those two algorithmic paradigms. We
discuss all the previous results suggesting that Rec is P-hard and cannot be solved in sublinear
time by parallelization. We prove in this paper that Rec cannot be solved in sublinear time
using a property-testing algorithm unless NP is equal to RP. We conclude that, according to the
evidence, the dynamics of ASM is hard to simulate since it does not admit shortcuts.

Keywords: Abelian Snadpile Model · Property testing · Cellular Automata.

1 Introduction

The formal definition of the cellular automata model allows its direct implementation (direct simula-
tion) on digital computers. We use the term parsimonious simulations to designate those implemen-
tations. Notice that the running time of a parsimonious simulation is lowerbounded by the running
time of the dynamics being simulated. The latter fact, together with the existence of terminating
cellular automata with an exponential running time, makes it necessary to look for non-parsimonious
simulations that we call shortcut algorithms.

To begin with, we notice that there exist dynamics that cannot be shortcuted. Suppose we want to
predict some complex dynamics, and that we are allowed to choose (construct) our prediction tools from
a certain class of algorithms (model of computation) that we denote with the symbol C. Now suppose
that one of the dynamics that must be predicted is the discrete dynamics of an algorithmM∈ C, which
solves a certain problem L, and whose running time matches the lower bound for solving L using the
algorithmic tools provided by C. The dynamics ofM can be directly (parsimoniously) simulated within
C, but the most efficient way of simulatingM, within C, is by running it (by parsimoniously simulating
it). Notice that a shortcut algorithm for M allows to solve problem L more efficiently than M does,
which is not possible.

The reader could feel that the above argument does not matter, he could feel that the above
argument only applies to dynamics that can be considered as artificial, and that it cannot be applied
to the natural dynamics that we want to simulate when studying the discrete complex systems that
occur either in nature, or in research or in industry. We would like to exhibit a natural dynamical
system that cannot be shorcuted by any feasible algorithm. We study a natural dynamics that seems
to be hard to simulate in the above sense.
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2 The Abelian Sandpile Model

Suppose that one wants to predict the final state of a terminating dynamical system called D. We
say that D is hard to simulate, if and only if, the most efficient thing he can do is to take a seat and
wait until the system gets stabilized, i.e., if the most efficient solution to the prediction problem is
parsimonious simulation.

The dynamics of a sandpile that is placed on a rectangular table, and which is being fed with new
grains of sand, resembles the latter situation: no one knows which is the final shape of the pile until
the dropping of grains is interrupted and the system stabilizes. Thus, the latter dynamics seems to
be a good example of an unpredictable and hard to simulate dynamics. It is important to remark, at
this point, that this latter dynamics is also a toy model of self-organized criticality : the pile tends to
assume conic shapes with specific slopes, the addition of new grains of sand distort this conic shape,
but after some time (grains) the system becomes unstable, and then occurs an avalanche (a global
dynamics) that restores the typical conic shape [1].

The two-dimensional abelian sandpile model (ASM, for short) is a discrete model of the above
dynamics capturing some of its main features.

Let n,m be two positive integers, we use the symbol Gn,m to denote the two-dimensional n ×m
grid. We use the grid Gn,m to construct the n×m sandpile grid that we denote with the symbol SGn,m.
The graph SGn,m is obtained from Gn,m by adding a node s that we call the sink . Moreover, we add
the following edges: if (i, j) is one of the four corners of Gn,m we add two edges connecting (i, j) with
s, while if (i, j) belongs to the border of Gn,m, but it is not a corner, we add only one edge connecting
it to s.

Remark 1. One can think of the nodes of Gn,m as representing the discrete locations of a rectangular
table: the locations where he can place stacks of grains. On the other hand, the node s is intended to
represent the empty space surrounding this table.

Definition 1. A n × m-sandpile configuration is a function c : V (Gn,m) → N that assigns to each
location the number of grains that are placed on it.

If a stack becomes too high it topples and uniformly distributes a set of its grains between all its
neighbors.

Definition 2. Let c be a n × m-sandpile configuration and let v ∈ V (Gn,m) . We say that v is c-
unstable, if and only if, c (v) ≥ 4. If v is not c-unstable, we say that v is c-stable. We say that c is
stable, if and only if, all the non-sink nodes of SGn,m are c-stable.

If a node v is c-unstable, its stack is too high and the node can be fired. If node v is fired (toppled)
it gives a grain to each one of its neighbors. If v belongs to the border of Gn,m, it gives to s as many
grains as there are edges connecting those two nodes.

Notation 1 Let c be a configuration and let v be a c-unstable node. We use the symbol cv to denote
the configuration that is reached after firing the node v.

An avalanche is a sequence

c→ cv1 → (cv1)v2 ...→

�
(cv1)v2

...

�
vk

of firings.

Definition 3. Given an avalanche, we use the term score vector to designate the vector (tv)v∈V (Gn,m) ,
where tv is equal to the number of times node v was fired along the avalanche.
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It is known that any avalanche can be extended to a maximal finite avalanche that leads the system
from the initial configuration c to a stable configuration [2]. Notice that one can choose any unstable
node to produce a firing, and it means that the dynamics is non-deterministic. However, it is known
that all the maximal avalanches triggered by c lead the system towards the same stable configuration
and have the same score vector [2].

Notation 2 Let c be a configuration, we use the symbol st (c) to denote the stable configuration that
is reached by all the maximal avalanches triggered by c, and we use the symbol sv (c) to denote the
common score vector of all those avalanches.

The above facts imply that the nondeterministic nature of the model is just apparent, and it is
originated in the following fact: we are looking in a sequential way a dynamics that is essentially
parallel and deterministic. If one wants to simulate the dynamics of ASM, he can choose between two
different, but equivalent, updating protocols:

1. The sequential updating protocol. One chooses the first unstable node (according to some fixed
order) and fires it.

2. The parallel updating protocol. One fires all the unstable nodes at once.

The dynamics of the parallel updating protocol corresponds to the dynamics of a special kind of
cellular automata governed by toppling rules. Thus, given a sandpile graph SGn,m, we can associate
to it a two-dimensional cellular automaton that we denote with the symbol SAn,m and that we call
the n×m sandpile automaton.

3 The Recurrent Configurations

Consider the stochastic process that is driven by random addition of grains plus stabilization. The stable
configurations that are visited infinitely often with probability 1 are called recurrent configurations.
Those configurations, also called critical configurations, correspond to the conic configurations that are
recurrent in the real-world dynamics of sandpiles. Then, we have that characterizing and recognizing
the set of recurrent configurations is a key problem related to this discrete model. Thus, we ask: which
are the n×m recurrent configurations?

Let st (Gn,m) be the set of stable configurations of Gn,m, and let c1, c2, c3 ∈ st (Gn,m), it is easy to
prove that:

1. st (c1 + c2 + c3) = st (st (c1 + c2) + c3) .
2. st (c1 + c2) = st (st (c2) + st (c1)) .

The above equalities allow us to define an associative operation ⊕ : st (Gn,m)
2 → st (Gn,m), opera-

tion ⊕ is defined as follows:

c⊕ d = st (c+ d) .

Notation 3 We use the symbol δn,m to denote the n×m border configuration that assigns two grains
to each one of the corners of Gn,m, one grain to the other nodes in the border, and zero grains to any
other node. We use the symbol Maxn,m to denote the maximal configuration, which is the configuration
that assigns three grains to any node of Gn,m.

Let {ci}i≥0 be the sequence defined by:

– c0 = δn,m,
– ci+1 = st (ci + δn,m) .
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It can be proved that the above sequence has a fixed point that we denote with the symbol In,m
(see [2]). Let K (Gn,n) be the subset of st (Gn,n) constituted by all the configurations that satisfy the
equation

In,m ⊕X = X.

We notice that K (Gn,m) is non-empty (it contains the configuration In,m), closed under the op-
eration ⊕, and contains an element that plays the role of an identity for the abelian semigroup
(K (Gn,n) ,⊕) .

Notice that the recurrent configurations are exactly the stable configurations that can be reached
from any other configuration (by the addition of grains and stabilization). The configuration Maxn,m
is an example of a recurrent configuration, and any configuration that is accessible from Maxn,m is
also recurrent. Actually, we have that a configuration c is recurrent, if and only if, it is accessible from
Maxn,m. Moreover, we have:

Proposition 1. The configuration In,m is recurrent. Furthermore, we have that a configuration c is
recurrent, if and only if, it is accessible from In,m.

Proof. First, we prove that the configuration In,m is accessible from Maxn,m. It can be proved that
(see [2])

st (2Maxn,m − st (2Maxn,m)) = In,m.

Notice that for all node v the inequality

(2Maxn,m − st (2Maxn,m)) (v) ≥Maxn,m (v)

holds. Then, we get that In,m can be obtained fromMaxn,m by adding some grains and then stabilizing.
We conclude that In,m and all its heirs are recurrent configurations.

We have two theorems related to the pair (K (Gn,n) ,⊕) .

Theorem 4. The pair (K (Gn,n) ,⊕) is a finite abelian group, whose elements are the n×m recurrent
configurations of ASM.

Proof. First, we prove that K (Gn,n) is the set of recurrent configurations.
Let c ∈ K (Gn,n), we have that

st (In,m + c) = c,

and we get that c is recurrent. Now, let c be a configuration that is accessible from In,m. There exists
a sandpile configuration d such that c can be represented as st (In,m + d) . Then, we have that

In,m ⊕ c = st (In,m + In,m + d) = st (st (In,m + In,m) + d) = c,

and we get that K (Gn,m) is equal to the set of recurrent configurations.
It remains to be proved that any recurrent configuration has an inverse. Pick c ∈ K (Gn,m), and let

Max−1n,m be the configuration that satisfies the equation Maxn,m ⊕X = In,m. We have that

st
(
c+ (Maxn,m − c) +Max−1n,m

)
= In,m,

and we get that st
(
(Maxn,m − c) +Max−1n,m

)
is the inverse of c. The theorem is proved.

Theorem 5. Let c, d be two elements of K (Gn,m).

1. The configuration c⊕ d can be computed in time O
�
(nm)

2
�
.

2. The configuration In,m can be computed in time O
�
(nm)

2
�

3. The inverse of c can be computed in time O
�
(nm)

3
�
.
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Proof. Let us prove the first item. We have that c ⊕ d = st (c+ d) . Thus, if one wants to compute
c ⊕ d, he can focus on simulating the avalanches triggered by c + d. To do the latter, he can use the

sandpile automaton SA (Gn,m). The running time of SA (Gn,m), on input c+ d, belongs to O
�
(nm)

2
�

(see [6]).
To prove the second item we use the equality

In,m = st (2Maxn,m − st (2Maxn,m)) .

To finish with the proof we prove the third item. Let Ln,m be the reduced Laplacian of the sandpile
grid SG (Gn,m). The size of K (Gn,m) is equal to |det (Ln,m)| (see [2]). Then, we have that

c−1 = c|det(Ln,m)|−1.

Notice that |det (Ln,m)| ≤ 4nm. Thus, if we use fast exponentiation to compute c|det(Ln,m)|−1, we

get an algorithm that runs in time O
�
(nm)

3
�
, and the theorem is proved.

We have, from the above theorems, that K (Gn,n) has a rich algebraic structure that can be processed
efficiently. Can we recognize the elements of K (Gn,n)?

3.1 Recognition of Recurrent Configurations: The Burning Algorithm

Consider the problem Rec that is defined as follows:

– Input: (c, n,m), where n,m ≥ 2 and c is a stable n×m sandpile configuration.
– Problem: decide if c is a recurrent configuration.

Next theorem, proved by Dhar [2], yields a linear time solution for problem Rec, (for a proof the
interested reader can consult the reference [5]).

Theorem 6. Let c be a stable configuration, we have:

1. c is critical, if and only if, st (c+ δn,m) = c.
2. c is critical, if and only if, sv (c+ δn,m) = (1, ..., 1) .

Notice that we can decide if a given configuration is critical by simply simulating the dynamics
triggered by c+δn,m. If c is critical, the avalanches triggered by c+δn,m are constituted by exactly nm
firings, and the parsimonious simulation of those avalanches takes time O (nm) . If the configuration c
is not critical the avalanche time is strictly lesser than nm, and the parsimonious simulations of those
avalanches takes time O (nm) as well.

The above algorithm is the so called burning algorithm, which was discovered by D. Dhar [2]. Can
we find shortcuts to Dhar’s algorithm(dynamics)? Notice that a non-parsimonious simulation of the
burning dynamics must allow us to decide, faster than linear time, if the input configuration is either
critical or not. Thus, the existence of shortcuts for this dynamics is equivalent to the existence of
sublinear time algorithms for the recognition of two-dimensional critical configurations.

4 Sublinear Time Algorithms for Rec

We conjecture that the dynamics of the burning algorithm cannot be shortcuted. We ask: which are the
algorithmic strategies that are used to (approximately) solve non-trivial problems faster than linear
time?

Let x be a string of length n. If one wants to process x in sublinear time, then he has to:

– either break the input into small pieces, access and process all those pieces in a parallel fashion,
and integrate the local outputs to construct the global output, or.

– access only a small and well chosen (randomly chosen?) fraction of the input bits.

The first of the above two strategies corresponds to parallelization, while the second strategy
corresponds to property testing [9]. We focus on ruling out the existence of sublinear time algorithms
for Rec that can be designed along the lines of those two algorithmic paradigms.
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4.1 Parallelization Does not Help

Let (c, n,m) be an instance of Rec. We can check if c is a critical configuration by simulating one of the
avalanches that are triggered by the configuration c+ δn,m. To do the latter we can use the sequential
updating protocol. If we proceed in this way, we get a dynamics that is constituted by nm transitions
(nm firings). We can also use the parallel updating protocol which exploits the parallel architecture of
SA (Gn,m). Does the latter parallel algorithm yields a sublinear time solution for Rec?

Theorem 7. Let n be a positive integer.

1. Let c ∈ K (Gn,n), the running time of SA (Gn,n), on input (c, n, n) , is larger than n
2 .

2. There exists c ∈ K (Gn,n) such that the running time of SA (Gn,n), on input (c, n, n) , is equal to
n2.

Proof. Let F be a spanning forest of Gn,n, we say that F is a rooted forest, if and only if, all the
maximal connected components of F meet the border of Gn,n. We use the symbol SS (Gn,n) to denote
the set of rooted spanning forests of Gn,n. Dhar’s burning algorithm allows us to define a bijection
between the set of n × n critical configurations and the set SS (Gn,n) . Suppose that c is a critical
configuration, the spanning forest assigned to c is the forest Tc that is defined in the following way:

1. We begin with the empty forest, and we add to it, by means of a multi-stage process, new nodes
and new edges until the grid becomes spanned.

2. The roots of Tc are the nodes that become unstable after adding to c the border configuration δn,n.
Notice that all those nodes, which are the roots of the forest, are located on the border of Gn,n.

3. Suppose that T is the partial forest constructed so far, and let S be the set of unstable nodes in T .
Notice that all those unstable nodes are leaves of T . We fire those unstable leaves one by one in a
lexicographic fashion. After firing node v, there are some nodes that become unstable, add edges
connecting those nodes to v. The forest that is constructed from T is obtained by adding all the
nodes that become unstable after firing the nodes in S, as well as the corresponding edges.

Notice that the running time of the algorithm is equal to the number of firing rounds. Let T ∈
SS (Gn,n), the height of T is equal to the length of the longest branch in T. We claim that the running
time of SA (Gn,n), on input (c, n, n), is equal to the height of Tc. It is easy to prove that the height of
Tc is lowerbounded by n

2 .
Notice that there exists a branch in Tc that connects a root (on the border) and the node(s) in the

center of Gn,n, the length of this branch is lowerbounded by n
2 . To get the worst case lower bound we

notice that Gn,n contains Hamiltonian paths that begin at the border, those Hamiltonian paths are
rooted spanning forests of height n2. The theorem is proved.

The above theorem tells us that the naive parallelization embodied by the parallel updating protocol
does not yield a sublinear time solution for problem Rec. We would like to rule out the existence of non-
naive parallelizations solving Rec in sublinear time. We can use, to this end, the notion of P-hardness:
P-hard problems are supposed to be non-parallelizable.

Recall that a problem L is P-hard, if and only if, there exists a logspace reduction of a P-hard
problem A to L. The problem MCV (Monotone Circuit Value Problem) is the canonical example of
a P-hard problem. Then, a natural approach to prove the P-hardness of Rec consists in proving that
MCV is logspace reducible to Rec, and the latter is equivalent to prove that boolean circuits can
be suitably simulated by logical devices that are entirely made from sand. Then, we have to show
that it is possible to construct, using sand, the following devices: wires, gates and crossings. The
construction of wires and gates is quite easy [6], but the planarity of Gn,m makes it hard to construct
the necessary crossings. Actually, it can be proved that crossings cannot be suitably implemented in
the two-dimensional abelian sandpile model with Von Neumann neighborhoods of ratio 1 (see [8] and
[3]). The latter implies that the naive approach for proving the P-hardness of Rec does not work, but
it does not rule out the (likely) P-hardness of Rec. Actually, there are strong evidence suggesting that
Rec is P-hard:
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1. The three dimensional version of Rec is P-hard [7].
2. The lack of crossings does not rule out the possibility of simulating planar circuits within ASM.

Actually, it is known that the planar restriction of MCV is logspace reducible to Rec [4], and it
implies that Rec is NC1 hard.

3. Gajardo and Goles proved that crossings cannot be implemented in the two-dimensional model,
supposing that we use the classical Von Neumann neighborhoods of ratio 1 (see [3]). Nguyen and
Perrot proved that there exists a large enough R such that one can effectively implement crossings
if he chooses to work with Von Neumann neighborhoods of ratio R [8].

4. The authors of this work used some basic tools of communication complexity theory to prove that
Rec cannot be solved using uniform families of monotone circuits of sublinear depth [5]. Dropping
the monotonicity condition is equivalent to prove that Rec is P-hard.

We strongly believe in the P-hardness of Rec, and we think that proving this conjecture is the most
important open problem related to the algorithmic analysis of ASM.

5 Property Testing Does not Help

Let c be a n ×m sandpile configuration. We cannot correctly decide the criticality of c if we cannot
observe all the nodes of Gn,m. Thus, if we consider the partial-access strategy, we will have to conform
ourselves with algorithms that solve Rec in an approximately correct way. The theory of property-
testing algorithms deals with sublinear time randomized algorithms that solve non-trivial problems
in an approximately correct way. There are interesting examples of the latter type of algorithms, the
interested reader can consult the reference [9].

Definition 4. Let c be a n×m sandpile configuration, we say that c is ε-close to Rec, if and only if,
there exists a n×m recurrent configuration d such that∑

i≤n

∑
j≤m

|c [i, j]− d [i, j]| ≤ ε (nm) .

Definition 5. Let ε > 0, a property testing algorithm for Rec with proximity parameter ε > 0 is a
randomized algorithm which, on input w, behaves as follows:

– If w is ε-close to Rec the algorithm accepts with probability at least 2
3 .

– If w is not ε-close to Rec the algorithm rejects with probability at least 2
3 .

We use the symbol DIST to denote the algorithmic problem defined by:

– Input: (c, k), where c is a n×m configuration and k is a positive integer.
– Problem: decide if the minimum number of grains that must be added to c to make it recurrent

is upperbounded by k.

Schulz proved that DIST is NP-hard [10].
Let ε > 0, we use the symbol ε-CLOSE to denote the algorithmic problem defined by:

– Input: c, where c is a n×m configuration.
– Problem: decide if c is ε-close to be recurrent.

The theory of property testing algorithms tells us that problem Rec can be solved in sublinear time
using the partial access strategy, if and only if, for all ε > 0 the problem ε-CLOSE can be solved in
sublinear time by a randomized algorithm [9]. Observe that any sublinear time algorithm for ε-CLOSE
is a randomized algorithm that solves this problem in polynomial time. We want to prove that, given
a small enough ε, there do not exist sublinear time randomized algorithms for the problem ε-CLOSE.
Thus, if we assume that RP is different of NP, it suffices if we prove that ε-CLOSE is NP-hard for
small values of ε. We have that
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Theorem 8. Let ε ∈
(
0, 16
)
, the problem DIST is polynomial time reducible to the problem ε-CLOSE.

Proof. First, we fix ε < 1
6 . Let k ≤ 3nm, let c be n×m sandpile configuration, and suppose that (c, k)

is the instance of DIST that we have to process.
Configuration c is well described by the column vector c [1, 1] · · · c [1,m]

...
c [n, 1] · · · c [n,m]

 ,
where for all i ≤ m the string c [i, 1] · · · c [i,m] belongs to {0, 1, 2, 3}m.

Let us pick a large positive integer s such that the inequalities

s (m− 1) > 3nm and k + 1 ≤ 3ε (n+ 2s+ 1)m

hold. Let cs be the configuration 

c [1, 1] · · · c [1,m]
...

c [n, 1] · · · c [n,m]
3 · · · 3
0 · · · 0
3 · · · 3

...
3 · · · 3
0 · · · 0
3 · · · 3


defined over the (n+ 2s+ 1)×m grid, and let deff (c) be the number of grains that must be added
to c to make it a recurrent configuration, we have that:

1. deff (c) < 3nm.
2. The number of grains that must be added to cs to make it a recurrent configuration is equal to
s (m− 1) + deff (c) .

Let u ≤ s (m− 1) be the largest positive integer that satisfies the inequality u
3(n+2s+1)m ≤ ε. Now,

we are ready to construct a configuration ck,ε that satisfies:
(c, k) belongs to DIST, if and only if, ck,ε belongs to ε-CLOSE.
First, we order the s (m− 1) empty cells of cs that are located in the last 2s+1 rows and in the first

m− 1 columns. To construct ck,ε we place one grain of sand on each one of the first s (m− 1)− u+ k
empty cells. Notice that the number of grains that must be added to ck,ε to make it recurrent is equal
to deff (c) + u− k. If k < deff (c) , this latter quantity is larger than u, and the configuration ck,ε is
ε-far from Rec. On the other hand, if the inequality deff (c) ≤ k holds, the configuration ck,ε is ε-close
to c. We get that (c, k) belongs to DIST, if and only if, ck,ε belongs to ε-CLOSE, and the theorem is
proved.

Recall that RP is the complexity class constituted by all the problems that can be solved in random
polynomial time. We get as a corollary of the above theorem that

Corollary 1. Suppose that RP is different to NP. Let ε < 1
6 , we have that there does not exist a

property testing algorithm for Rec with proximity parameter ε and which runs in sublinear time.

We can conclude that property testing algorithms cannot be used to approximately recognize in
sublinear time the set of recurrent configurations.
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Abstract Slime mould Physarum polycephalum is a single cell creature which shows traits of
optimal space exploration and adaptive decision making. Given a configuration of sources of
nutrients the slime mould spans them with a network of protoplasmic tubes similar to a minimum
spanning tree. We propose a two-dimensional nine-states cellular automaton model of the slime
mould behaviour. We apply the model to solve a routing problem in several environmental
templates, including Mexican highways network and pedestrian routes on a university campuses.

Keywords: Cellular automata · Physarum polycephalum · complex systems · networks.

1 Introduction

Slime mould Physarum polycephalum is a single Eukaryotic cell with thousands of nuclei. This cell is
visible by an unaided eye. The slime mould is capable for solving a wide range of geometrical problems,
optimization on graphs, optical, tactile and chemical sensing and, thus is proved to be an ideal substrate
for designing unconventional computing devices [2,3,4,5].

The slime mould explores its environment based on the gradients of attractants and repellents gen-
erated by sources of nutrients, light, humidity, pH, the surface of the growth substrate. The slime mould
spans sources of nutrients with its protoplasmic network while trying to avoid domains with repellents
and forms a network of protoplasmic tubes. This network typically belongs to a family of proximity
graphs, i.e. on the graphs of the Toussaint hierarchy [1]. An exact structure of the protoplasmic network
is determined also by the location of the inoculation site.

Longer time intervals needed in laboratory experiments with slime mould to provide results mo-
tivated the mitigation of its computational behavior in algorithms that could run fast and in quite
less time when compared to the biological experiments, both in software and hardware. In particular,
just a few examples of algorithms that were previously proposed are: mathematical description of dy-
namics of feedback [12,13], agent-based models [14,8], cellular automata (CAs) models [7,15,16,17] and
hybrids of CAs and agent-based models [18]. Moreover, there are also studies in literature towards the
representation of the slime mould’s exploration in three-dimensional space based on CAs [19].

Among other computational tools, such as the aforementioned ones, in this paper, we utilize CAs
to simulate the slime mould behavior. Cellular automata are discrete dynamical systems with inherent
parallelism, also encapsulating principles of modern computer architecture where processing power and
memory exist in the same medium. Moreover, cellular automata are considered as distributed systems
characterized by simplicity on their structure, design, and evolution, but emerging with complex and
rather interesting behaviors. We propose a CA model to represent the Physarum polycephalum com-
puting dynamics and we apply the presented model to various real-life applications, for example, in
case of construction of efficient routes by simulating the topology of the Mexican transport networks
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and in case of exploration of various building environments by pedestrians. The resulting analyti-
cal simulations prove the robustness and efficacy of the CA model to adequately simulate different
real-life problems by exploiting the Physarum dynamics and, thus, enabling us to further consider its
computational usage for future applications in various scientific fields.

2 Phy2DCAvN(9)-states cellular automata model

The proposed two-dimensional cellular automata (CA), named Phy2DCAvN(9), has a von Neumann
neighborhood with nine cell-states. The Phy2DCAvN(9) model is a tuple 〈d, S,N, f〉, where: d = 2,
S = {q0, q1, q2, q3, q4, q5, q6, q7, q8}, N = {(−1, 0), (0, 1), (0, 0), (1, 0)(0,−1)} and f : SN → S. The
states from S represent specific elements of Physarum dynamics, a set of actions described in detail in
Table 1, following parameters constitutes the cells.

– The state: The cell has a state which can represent part of the Physarum or just of the system.
– minC: The parameter acts as a direction or orientation of the cell. It can obtain values 0 (without

direction), 1 (North), 2(East), 3(South), and 4 (West).
– value: While the slime explores, each new cell acquires an exploration value (incremental one by

one).
– dep: This function (non-parameter) has the objective to know if there is a link or connection

between 2 cells. For example: Let’s suppose that the cell North (i− 1, j) is linked or that depends
on the reference cell (i, j) the value that we hope to obtain is true because the cell North has
minC = 3, therefore it has the direction on the reference cell.

Table 1: States of Phy2DCAvN(9) model.

colorstaterelation represent Physarum interpretation

q0 q7 free space space where the organism can explore

q1 q6 non-found nutrient nutrient which the Physarum should find

q2 q2 repellent space where the organism can not explore

q3 q3 initial point x part of the organism where starts to explore

q4 q5 gel in evaluation x gel that will be evaluated to form part of solution

q5 q0, q8 gel with nutrient x gel transport with resources

q6 q6 found nutrient nutrient which the Physarum found

q7 q4 Physarum expansion x search or developing of the slime

q8 q5 gel without nutrient x gel without transport resources

2.1 Automaton Phy2DCAvN(9)

This way, the local rule f for Phy2DCAvN(9) is defined as follows, set C(q) as the configuration in the
cell, N = C(q)(i−1,j), E = C(q)(i,j+1), S = C(q)(i+1,j), W = C(q)(i,j−1) as the states of its neighbors
and set Σi = N+E+S+W = I, ( where i is the state in t ) as represents of state in the von Neumann
neighborhood 5

5Source code implementation available in: https://github.com/ipnYair95/Physarum. Binary application
available from: http://uncomp.uwe.ac.uk/genaro/Papers/Thesis.html.

https://github.com/ipnYair95/Physarum
http://uncomp.uwe.ac.uk/genaro/Papers/Thesis.html
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1. Free space: Evolves in Physarum expansion6, if exist an initial point, gel in evaluation or source
found and if the cell hasn’t orientation ( minC = 0 ). Each cell that evolves in free space obtains
the information of the counter and is stored in a value (Fig. 1a).

C(q)t+1 = 7 if C(q)t = 0 and Σ3 +Σ4 +Σ6 > 0 and minC = 0 (1)

2. Non-found nutrient: Evolves in found nutrient, if exist a found nutrient or gel with nutrient
(Fig. 1b) .

C(q)t+1 = 6 if C(q)t = 1 and Σ5 +Σ6 > 0 (2)

3. Repelent: Never change.
C(q)t+1 = 2 if C(q)t = 2 (3)

4. Initial point: Never change.
C(q)t+1 = 3 if C(q)t = 3 (4)

5. Gel in evaluation: Evolves in gel with nutrient, if there is another gel with nutrient, initial point
or found nutrient to use as union ( the minimal value of its neighbors determine the direction) and
if there isn’t in its neighborhood free space 7 and physarum expansion. If it occurs the parameter
minC, it will pass to the direction selected (Fig. 1c). 8

C(q)t+1 = 4 if C(q)t = 3 Σ3 +Σ5 +Σ6 > 0 and Σ0 +Σ7 = 0 (5)

6. Gel with nutrient: It will die, if there aren’t unions to the states 8 and 5 that depend on it (
dep = false ) and if there aren’t in its neighborhood nutrients, initial point or gel in evaluation.
If the cell dies means that the cell isn’t part of the solution network and minC = 0. In another
case, it evolves in gel without nutrients (Fig. 1d).

C(q)t+1 =

¨
0 if C(q)t = 5 and Σ6 +Σ4 +Σ3 +Σ1 = 0 and dep = F

8 else if C(q)t = 5
(6)

7. Nutrient found: Never change.

C(q)t+1 = 6 if C(q)t = 6 (7)

8. Physarum expansion: It will evolve in gel in evaluation, if exist an initial point, gel in evaluation,
gel with nutrient or nutrient found (Fig. 1e).

C(q)t+1 = 4 if C(q)t = 7 and Σ3 +Σ4 +Σ5 +Σ6 > 0 (8)

9. Gel without nutrient: Evolves in gel with nutrients without evaluation, only represent the
passage of nutrients (Fig. 1f).

C(q)t+1 = 5 if C(q)t = 8 (9)

First, we select a site of inoculation (Fig. 2a), i.e. the source where the organism growths and
explores the space to search for the sources of nutrients, later to span them with a network of pro-
toplasmic tubes. For each generation, the slime mould must explore the area where it propagates as
a uniform structure growing in all directions (Fig. 2b), each new cell acquires an incremental value,
when there is some Plasmodium in the structure, and this will be evaluated to be selected within the
creation of a network (Fig. 2c). This action continues until the Physarum finds a source of nutrients.
Later the sources of nutrients are colonized, which creates a static point on the network (Fig. 2d).
This action continues until the Physarum finds a source of nutrients. Later the sources of nutrients are
colonized, which creates a static point on the network (Fig. 2d). The slime explores the space available,
and if there are potential routes that aren’t important, they will delete from the map (Fig. 2e). Finally,
after several generations, the simulation shows a solution where the found sources were connected.

6To observe a non-homogeneous exploration, the probability of evolving is 50%
7If you eliminate this state in the evaluation, it will show a continuous exploration.
8Example: If we have the values in the cells South = 7 and West = 6, the direction will be West and

minC = 4.
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(a) Rule 1 (b) Rule 2 (c) Rule 5

(d) Rule 6 (e) Rule 8 (f) Rule 9

Figure 1: Landscapes of configuration relations in Phy2DCAvN(9).

2.2 Comparative against other Physarum models

Previous models were a significant source of inspiration for the proposed model. For the sake of readabil-
ity, we only mention quickly the most representative ones summarized in Table 2. Gunji and colleagues
model [7], Phy2DCAvN(9) considers the whole space instead of selected areas as found in the previ-
ous model. Phy2DCAvN(9) considers the whole space instead of selected areas as found to difference
Gunji and colleagues model [7]. Jones model [8] uses agents and not CA, thus uses an asynchronous
model which offers another kind of landscapes. Tsompanas model [10] is based on continuous CA,
using diffusion equation dynamics, while Phy2DCAvN(9) have discrete states CA. Adamatzky model
[5] considers complex chemical reactions, while Phy2DCAvN(9) simplifies the calculus in determinis-
tic decisions. Another characteristic of Phy2DCAvN(9) in which the model shows the retraction and
expansion phases at the same time during the evolution.

Table 2: Summary of other models with similar behaviour.

author year model function states dimensiontransitions

Gunji [7] 2008 CA von Neumann neighborhood 6 2D 10

Jones [8] 2015agents sensors with radius n 1 2D -

Tsompanas [10] 2015 CA Moore neighborhood continuous 2D continuous

Adamatzky [5] 2016 CA Moore neighborhood 8 2D 8

Phy2DCAvN(9) [9]2018 CA von Neumann neighborhood 9 2D 10

The distribution of cells is due to that the slime is within of a petri dish, so the margin of the
map is constituted by repellents besides that, they have the objective to build the exploration field.
The nutrients can be distributed randomly, unless it has some specific distribution, as we will see it
in the next chapter. The initial point is necessary to make the exploration and to have one network is
recommendable just put one point or state.
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(a) t = 0 (b) t = 20 (c) t = 51

(d) t = 194 (e) t = 260 (f) t = 382

Figure 2: Phy2DCAvN(9) in action simulating Physarum polycephalum dynamics staring from three
different nutrients’ locations. (a) starting with an active cell (yellow color), i.e. site of inoculation and
three sources of food (blue color), (b) shows 20 time steps, (c) 51 time steps, (d) 194 time steps, (e) 260
time steps, and (f) 382 time steps. The last snapshots show the retraction activity and the development
of a network.
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3 Applying the Phy2DCAvN(9) model

3.1 Physarum constructing motorways in Mexico

In [6], we conducted a series of laboratory experiments aiming to check if the Physarum approximates
successfully the Mexican highway network. Several of the largest cities were represented by sources of
nutrients. Physarum was inoculated in Mexico City and was left to develop for 72 hours (Figs. 3(a),
(b) and (c)). The aforementioned process for modeling purposes took place in a 130× 130 CA grid. It
took 420 iterations for the Phy2DCAvN(9) model to develop the network shown in Figs. 3(d),(e) and
(f)). It is obvious that a network can be modified dynamically by either adding or removing sources
of nutrients. 9.

(a) t = 12 h (b) t = 24 h (c) t = 72 h

(d) t = 58 (e) t = 182 (f) t = 424

Figure 3: Experimental data on protoplasmic networks that approximate Mexican motorways were
obtained in [6] with Physarum: (a) 12 hrs after inoculation, (b) 24 hrs after inoculation, and (c) 72 hrs
after inoculation. We simulated the same development with Phy2DCAvN(9) on a 130×130 cell lattice.
The sources of nutrients are placed in the largest cities (see [6]) cities. Configurations of stimulated
slime mould at (d) 58rd step of CA iterations, (e) 182th step, and (f) 424th step.

9Simulation video “Physarum in Mexican map”: https://www.youtube.com/watch?v=Gw6nJJcGaAE

 https://www.youtube.com/watch?v=Gw6nJJcGaAE 
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3.2 Exploring real life geometries

Our second case of study is about imitating pedestrian behavior in real life geometries. The main
objective is to design a system that manages to cope with unpredictable and dynamically changing
pedestrian traffic every day. We draw the UWE Frenchay campus in the system as a CA grid consisting
of 400×400 cells, for the application of the Phy2DCAvN(9) models. The inoculation site was the main
entrance the nutrients were assigned in the parking points of the campus.

In Fig. 5, the evolution of Phy2DCAvN(9) is shown, starting from the inoculation site and aiming
to span 21 sources of nutrients scattered on the campus. The figure shows the configuration of the
cellular automaton at various stages of network development. The density distribution plots in Fig. 5
to show the variability of the network in experiments with (q4) and without sources of nutrients (q8).
10.

Figure 4: The UWE Frenchay campus in Bristol (England) considered. The map is drawn with
Phy2DCAvN(9) in 400× 400 cells preserving the main pedestrian ways.

4 Conclusion

The proposed novel CA model of Physarum polycephalum with different characteristics when compared
with the previously published relevant models [7,8,10,5,9] in terms of computing resources utilization
and affinity of the modeling results to a real protoplasmic networks developed by slime mould, has
proven its ability to solve successfully real-life problems. Further studies will deal with the application
of the model to an analysis of the pedestrian and vehicular traffic in the cities.

References

1. Adamatzky, A. (2009). Developing proximity graphs by Physarum polycephalum: does the plasmodium
follow the Toussaint hierarchy?. Parallel Processing Letters, 19(01), 105-127.

2. Adamatzky, A. (2010) Physarum Machines, World Scientific Series on Nonlinear Science Series A: Volume
74.

3. Adamatzky, A. (ed) (2012) Bioevaluation of World Transport Networks, World Scientific Publishing Com-
pany.

4. Adamatzky, A. (ed) (2015) Atlas of Physarum Computing, World Scientific Publishing Company.
5. Adamatzky, A. (ed) (2016) Advances in Physarum Machines, Emergence, Complexity and Computation 21,

Springer.
6. Adamatzky, A., Mart́ınez, G.J., Chapa-Vergara, S.V., Asomoza, R. & Stephens, C. (2011) Approximating

Mexican highways with slime mould, Natural Computing 10 1195.

10Simulation video “Physarum in UWE”: https://www.youtube.com/watch?v=y59 i8Su5Nc&t=41s

 https://www.youtube.com/watch?v=y59_i8Su5Nc&t=41s 


Automaton model of slime mould explorative behaviour XL

7. Gunji, Y.-P., Shirakawa, T., Niizato, T. & Haruna, T. (2008) Minimal model of a cell connecting amoebic
motion and adaptive transport networks, Journal of Theoretical Biology 253(4) 659–667.

8. Jones, J. (2015) From Pattern Formation to Material Computation, Emergence, Complexity and Computa-
tion 15, Springer.
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(a) t = 400 (b) t = 886 (c) t = 1303

(d) t = 1753 (e) t = 2231 (f) t = 2751

Figure 5: Calculating unpredictable CA routes for walking in the UWE Frenchay campus. The network
is developed on a CA grid of 400× 400 cells with a single inoculation site and 21 sources of nutrients,
respectively.
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Abstract In this research, we show how to characterize the behavior of self-localized objects
(known as gliders, waves or particles) in a particular complex elementary cellular automaton
with memory. We start defining every elementary particle and later of an exhaustive exploration
for all binary and ternary collisions in order to give some possible ways to get them across of
equations. Finally, we exploit this characterization to describe its evolution space to design more
complex structures and computable systems.

Keywords: Cellular Automata · Memory · Complexity · Self-localized objects

1 Introduction

The use of cellular automata (CA) to model interactions between complex elements offer a way to study
physical, biological, computable, chemical or social systems handling big volume of information. In this
paper, we focus our attention in a special complex elementary CA (ECA) with memory (ECAM) which
displays a high activity of particles interacting constantly. Those dynamics can be reached from any
random initial condition including the emergence of guns periodically. We characterize these complex
patterns across of tilings and equations. This way, we can code the initial conditions to get desired
collisions such a self-organization and computable devices.

The paper is organized as follows. Section 2 gives basic notation. Section 3 a general description of
the case of study and the equation characterization. Section 4 shows the application of this character-
ization to two practical problems and Section 5 the conclusions.

2 Basic notation

CA are discrete dynamical systems which operate on a space (lattice) evaluating states that change
through time according to local rules. ECA are represented by an array of cells xi in one dimension,
each cell can have a binary value from an alphabet denoted by Σ = {0, 1}, and they work with their
immediate neighbors, getting the local function ϕ(xti−1, x

t
i, x

t
i+1) → xt+1

i , and the global mapping
Φ(ct)→ ct+1.

ECA were defined by Stephen Wolfram in 1983 [8], then he classified their behavior [9] in four
classes, where class III (chaotic) and IV (complex) are the most interesting ones.

Conventional CA are ahistoric (memoryless), we can add a memory function which will give us
an extension of them, where every cell xi is allowed to remember some period of its previous evolu-
tion. Thus, we design a memory function φ(xt−τi , ..., xt−1i , xti) → si such that t < τ determines the
backward degree of memory and si is a temporal state which will be taken for the local function as
ϕ(sti−1, s

t
i, s

t
i+1)→ xt+1

i , and it will retain a historic memory of past interactions.
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The representation of a CAM is given as: φCARm:τ , where CAR is the decimal notation of a
particular CA, m is the kind of memory, and τ is the memory’s degree [3].

3 Rule 126 with memory

ECA rule 126 is defined as:

ϕR126 =

§
0 if 111, 000;
1 if 001, 010, 011, 100, 101, 110.

Rule 126 has a chaotic behavior from class III in Wolfram’s classification [9]. We can use a mem-
ory function in order to get a complex behavior recognized in class IV by defining φR126maj:4, with
φ(xt−3i , xt−2i , xt−1i , xti)→ si as the memory function for each cell. This ECAM will produce nontrivial
emergence of patterns traveling and colliding, which had an initial study in [4]. We extended this study
with a characterization of particles for understanding them and designing computable devices.

In figure 1, we see an evolution gotten with φR126maj:4. The patterns which emerged are gliders,
and the space where all of them travel is named tile for filtering.

Figure 1: Classic dynamics of the elementary cellular automaton with memory φR126maj:4. The evo-
lution runs on 2000 cells to 1500 generations with the periodic background filtered to get a better view
of complex behavior.

4 Characterizing particles

φR126maj:4 has eight different particles, classified by their behavior in: gliders and still-life [5], on the
other hand, the emergent collective behavior is named glider-gun.

Glider: It is a particle which moves through the lattice. In φR126maj:4, we identify six different
gliders denoted by gn.

Still-life: It is a particle which does not move. In φR126maj:4, we identify two different still-life
denoted by sn. We see both evolving through time in figure 2
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Figure 2: φR126maj:4 particles on a lattice of 42 cells and 35 generations.

Glider-gun: It is a structure which performs internal collisions, and as a product of them gliders
are generated on the sides. In φR126maj:4 we identify nine different glider-guns, some exemplified in
figure 3.

Figure 3: Glider-guns in φR126maj:4 evaluated 500 generations. The initial conditions were g3g5 ↔ g6,
g3 + g5 ↔ g2 and g3 + g5 ↔ g6.

4.1 Tiling characterization

We evaluated all possible combinations for binary and ternary collisions in order to get the summary
table 1 for each particle.

EP Defined mosaic Speed No.
Ways
to get

EP Defined mosaic Speed No.
Ways
to get

g1
3
5 =

0.6c/t
70 g5

3
5 =

0.6c/t
80

g2
−3
5 =

−0.6c/t
70 g6

−3
5 =

−0.6c/t
80

Continued on the next page
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Table 1 – Continued from previous page

EP Defined mosaic Speed No.
Ways
to get

EP Defined mosaic Speed No.
Ways
to get

g3
3
5 =

0.6c/t
40

s1
0
2 =

0c/t
165

g4
−3
5 =
−0.6c/t

40 s2
0
10 =
0c/t

5

Table 1: Properties of particles in φR126maj:4.

So, we write the mosaic definition as follows: Let t define the time, Gi the definition of a glider,
and Sa the definition of a still-life, where a, b, i, j,m, n, t ∈ Z+, then, we get equations 1 and 2.

Gi =

n∑
j=0

gi|t=j (1)

Sa =

m∑
b=0

sa|t=b (2)

Those equations define the regular expression for each particle at each time, and the sum is the
mosaic which defines the particle’s shape.

For glider-guns, we characterize them with their period and the number of ways to get them by
binary or ternary collisions, as we show in table 2.

Glider-gun Period No. Ways to get

gun1 110 50

gun2 110 50

gun3 26 20

gun4 26 20

gun5 26 5

gun6 26 5

gun7 84 10

gun8 26 20

gun9 26 5

Table 2: Properties of the glider-guns.

Finally, we have 165 binary and 1775 ternary collisions. If we collide whether they are two or three
particles, 550 collisions will give us a single particle, and 195 a glider-gun, then we have the 28.646%
and 9.635% of probability of obtaining one of those mentioned respectively.

4.2 Equations description

As we described in section 4.1, we evaluated all the binary and ternary collisions in φR126maj:4. In
order to characterize them, we define equations [1] which allow us to define the initial conditions for
the ECAM. Table 3 shows all the binary collisions with their result.



Characterization of self-localized objects XLVI

Equation Result Equation Result

g1 ↔ g2 ∅ g5 ↔ g2 g4 + g6 + g5 + g1
g1 ↔ g2 g1 g5 ↔ g2 g23
g1 ↔ g2 g2 g5 ↔ g6 gun3
g1 ↔ g2 g3 + g5 g5 ↔ g6 s2
g1 ↔ g2 g6 + g4 g5 ↔ g6 gun4
g1 ↔ g6 g6 − with− delay g5 ↔ g6 g5g3
g1 ↔ g6 g23 g5 ↔ g6 g4g6
g1 ↔ g6 g6 g5 ↔ s1 g4
g1 ↔ g6 g2 + g6 + g5 + g3 s1 ↔ g2 s1
g1 ↔ g6 g6 + g5 + g3 s1 ↔ g6 g3
g1 ↔ s1 s1 s2 ↔ g4 g5
g3 ↔ g4 s1 g5 ↔ g2 g5 − with− delay
g3 ↔ s2 g6 g5 ↔ g2 g6 + g5
g5 ↔ g2 g5

Table 3: Summary table of binary collisions.

4.3 Objects in the rule

We design complex objects by synchronizing collisions between multiple particles. Thus, in order to
get a behavior similar to structures we have in reality, we design objects which belong to one of three
behaviors.

1. Eater: It is a structure which eats particles and gets displaced. In figure 4 we have an example with the
equation (g1)∗ ↔ g6 + s2 + g4 + (g6 + g4)∗

2. Black hole: It is a structure that absorbs particles without any disturbance. In figure 4 we have an
example with the equation (g1)∗ ↔ (g6 + g4)∗

3. Soliton: It is a structure which crosses other particles without disturbances. In figure 4 we have two
examples with equations (s2)∗ ↔ g4g6, and (g1)∗ ↔ g6

Figure 4: Objects in φR126maj:4 made with multiple synchronized collisions. The initial conditions
were given on list 3.
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4.4 Computable devices

We design the implication (A → B) and NAND gate, which use collisions between gliders and make
equivalences with their truth table and the φR126maj:4 particles as follows:

1. g1 will be equivalent to 1 in binary,
2. g21 will be equivalent to 0 in binary.
3. g22 will act as the NAND operator.
4. g2 + g2 will act as the implication.

In table 4, we see the truth table for both devices and the equations φR126maj:4 uses for computing
them. Finally, in figure 5 we have the design of a circuit which uses both devices in order to simulate
the equation ¬[(B → A) ∧B]⇐⇒ ¬B.

A BA→ B Equation Result A B¬(A ∧B) Equation Result

0 0 1 g21 + g21 ↔ g2 + g2 g1 0 0 1 g21 + g21 ↔ g22 g1

0 1 0 g21 + g1 ↔ g2 + g2 g21 0 1 1 g21 + g1 ↔ g22 g1

1 0 1 g1 + g21 ↔ g2 + g2 g1 1 0 1 g1 + g21 + g22 g1

1 1 1 g1 + g1 ↔ g2 + g2 g1 1 1 0 g1 + g1 ↔ g22 g21

Table 4: NAND gate and the implication designed with particles of φR126maj:4

Figure 5: The circuit for ¬[(B → A) ∧B]⇐⇒ ¬B in φR126maj:4 simulated with the SOL Software 5.

5 Conclusions

φR126maj:4 displays a high degree of complex behavior induced by the number of particles which emerge
in its evolution space. This way, the characterization derived by tilings and equations is useful to codify
initial conditions and controller specific process and computable devices. The future work will be design
and controller more big complex process in this automaton.

5Simulator of Logic Operations. Available on http://uncomp.uwe.ac.uk/genaro/Papers/Thesis.html
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